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Abstract
Deformations of the focusing non-linear Schro¨dinger model (NLS) are considered in the context of the
quasi-integrability concept. We strengthen the results of JHEP09(2012)103 for bright soliton collisions.
We addressed the focusing NLS as a complement to the one in JHEP03(2016)005, in which the modified
defocusing NLS models with dark solitons were shown to exhibit an infinite tower of exactly conserved
charges. We show, by means of analytical and numerical methods, that for certain two-bright-soliton
solutions, in which the modulus and phase of the complex modified NLS field exhibit even parities under
a space-reflection symmetry, the first four and the sequence of even order charges are exactly conserved
during the scattering process of the solitons. We perform extensive numerical simulations and consider
the bright solitons with deformed potential V = 2η
2+ǫ
(
|ψ|2
)2+ǫ
, ǫ ∈ IR, η < 0. However, for two-soliton
field components without definite parity we also show numerically the vanishing of the first non-trivial
anomaly and the exact conservation of the relevant charge. So, the parity symmetry seems to be a
sufficient but not a necessary condition for the existence of the infinite tower of conserved charges. The
model supports elastic scattering of solitons for a wide range of values of the amplitudes and velocities
and the set {η, ǫ}. Since the NLS equation is ubiquitous, our results may find potential applications in
several areas of non-linear science.
1 Introduction
The quasi-integrability concept has been introduced in the context of certain deformations of the integrable
models [1, 2]. There have been shown that many non-integrable theories possess solitary wave solutions
resembling to true solitons, i.e. the scattering of such solitons preserve their shapes and velocities. So,
certain deformations of the sine-Gordon (SG) and non-linear Schro¨dinger (NLS) models were considered
to be quasi-integrable theories possessing infinite number of charges that are asymptotically conserved.
Recently, these results have been tested in the collective coordinate approach to the scattering of solitons
[3]. In addition, the deformed SG models have been shown to posses a subset of infinite number of exactly
conserved charges, provided that the two-soliton field configurations are eigenstates of the space-reflection
parity symmetry [4]. Similar results have been put forward for the deformed defocusing NLS model with dark
solitons [5]. A particular deformation of the NLS model, depending on the sign ± of the undeformed cubic
self-interaction term, can be dubbed as focusing or defocusing, respectively. The focusing NLS supports
bright solitons with vanishing boundary conditions, whereas the defocusing one supports dark solitary waves
with non-vanishing boundary conditions.
In this paper we strengthen the results of [2] and build on some results of our earlier work [5], relevant to
bright solitons, by deriving infinite towers of exactly conserved charges for the collision of special two-bright
solitons and numerically simulating a representative charge and vanishing anomaly. The deformed focusing
NLS with bright soliton solutions and the structures responsible for the phenomenon of quasi-integrability
have been discussed in [2]. It has been shown that this model possesses an infinite number of asymptotically
conserved charges. An explanation found so far for this behaviour of the charges is that some special soliton
type solutions are eigenstates of a space-time parity transformation. As we will show here, there are some
soliton-like solutions which present a special space-reflection symmetry at any time, such that the sequence
of the even order charges are exactly conserved. As in the defocusing NLS case [5], the demonstration of
these results involve an interplay between the space-reflection parity and internal transformations in the
affine Kac-Moody algebra underlying the anomalous Lax equation.
However, it seems to be that such space-reflection parity is a sufficient but not a necessary condition
in order to have the tower of exactly conserved charges. In fact, as we will show by numerical simulations
of the first non-trivial quasi-conservation law, there are certain two-soliton like configurations without this
symmetry which also exhibit such conserved charges. So, these properties constitute the distinguishing new
features associated to the deformed focusing NLS with bright soliton solutions, as compared to the previous
quasi-integrable focusing NLS model [2]. Thus, our results turn out to be complemantary to the ones in
[5] and strengthen the ones in [2], and since the NLS equation is ubiquitous, with potential applications in
several areas of non-linear science, we believe that they deserve to be available to the general community.
In order to simulate the time dependence of field configurations for computing bright soliton quantities
we have used an efficient and accurate numerical method, the so-called time-splitting cosine pseudo-spectral
1
finite difference method (TSCP) [6], in order to control the highly oscillatory phase background. This method
allowed us to improve in several orders of magnitude the accuracy in the computations of the charges and
anomalies presented in [2]. In fact, the charge Q(4), which has been regarded in [2] as asymptotically
conserved, is indeed an exactly conserved charge, as we will show by simulating the vanishing of the cor-
responding anomaly β(4) for general two-bright soliton configuration and several values of the deformation
parameter ǫ.
The paper is organized as follows. In the next section we introduce the deformed focusing NLS model.
In section 3, we discuss the concept of quasi-integrability for deformed focusing NLS following [2]. In 3.1
we discuss the relationships between the space-time parity and asymptotically conserved charges. In 3.2 the
space-reflection parity and the exactly conserved charges are discussed following [5]. In section 4 we list the
first four conserved charges and the first non-trivial quasi-conservation law and provide the first anomaly
β(4). In section 5 we discuss the space-time and space-reflection symmetries of bright solitons. In section 6
we present the results of our numerical simulations of bright soliton scattering of the model (2.1)-(2.2) for
several values of the deformation parameter ǫ. In section 7 we present some conclusions and discussions.
The appendix presents relevant expressions of the quasi-conservation laws (3.10) [2].
2 Deformations of focusing NLS
We will consider non-relativistic models in (1 + 1)−dimensions with equation of motion given by
i
∂
∂t
ψ(x, t) +
∂2
∂x2
ψ(x, t) − ∂V [|ψ(x, t)|
2]
∂|ψ(x, t)|2 ψ(x, t) = 0, (2.1)
where ψ is a complex scalar field and V : IR+ → IR.
The model (2.1) defines the deformed NLS model and it supports bright and dark soliton type solutions in
analytical form for some special functions V [I], I ≡ |ψ|2. The potential V [I] = ηI2, (η < 0), corresponds to
the integrable focusing NLS model and supports N-bright soliton solutions. The potential V [I] = ηI2−ǫI3/6
defines the non-integrable cubic-quintic NLS model (CQNLS) which possesses analytical bright and dark type
solitons [7, 8]. In [9, 7] the bright solitary waves of the cubic-quintic focusing NLS have been regarded as
quasi-solitons presenting partially inelastic collisions in certain region of parameter space. Among the models
with saturable non-linearities [10], the case V [I] = 12ρs(I +
ρ2s
I+ρs
) also exhibits analytical dark solitons [11].
The deformed NLS model with V ′[I] = 2ηI − ǫ Iq1+Iq (V ′[I] ≡ dV [I]dI ) passes the Painleve´ test for arbitrary
positive integers q ∈ ZZ+ and ǫ = 1 [12]. However, its Lax pair formulation and analytical solutions for a
general set {η, ǫ, q}, to the best of our knowledge, are lacking.
Among the possible deformations of the NLS model the case
V =
2η
2 + ǫ
(|ψ|2)2+ǫ , ǫ ∈ IR, η < 0, (2.2)
has recently been considered in [2] in order to study the concept of quasi-integrability for bright soliton
collisions. An analytical solitary wave solution with vanishing boundary condition (bright soliton) for this
2
potential is well known in the literature (see for example the equation (4.6) of [2])
ψ(x, t) =
[2 + ǫ
2
ρ2
|η|
1
cosh2 [(1 + ǫ)ρ(x− vt− x0)]
] 1
2(1+ǫ)
ei[(ρ
2− v
2
4 )t+
v
2 x]. (2.3)
In this paper we will study analytically and numerically some deformations of the NLS model of the type
(2.1), such that in the limit ǫ→ 0 we recover the usual focusing NLS (η < 0). In our numerical simulations
we will consider the potential of type (2.2).
3 Quasi-integrability of deformed NLS
We follow the developments and notations of [2, 5] on quasi-integrability in deformed NLS models. Let us
consider an anomalous zero curvature representation of the deformed NLS model (2.1) with the connection
given by
Ax = −i T 13 + γ¯ψ¯ T 0+ + γψ T 0−, (3.1)
At = i T
2
3 + i
δV
δ|ψ|2 T
0
3 − (γ¯ψ¯ T 1+ + γψ T 1−)− i(γ¯∂xψ¯ T 0+ − γ∂xψ T 0−),
where the above Lax potentials are based on a sl(2) loop algebra (see more details in [2]). It follows that
the curvature of the connection (3.1) is given by
Fxt ≡ ∂tAx − ∂xAt + [Ax , At] (3.2)
= XT 03 + iγ¯
[
− i∂tψ¯ + ∂2xψ¯ − ψ¯
δV
δ|ψ|2
]
T 0+ − iγ
[
i∂tψ + ∂
2
xψ − ψ
δV
δ|ψ|2
]
T 0− (3.3)
with
X ≡ −i∂x
(
δV
δ|ψ|2 − 2γ¯γ|ψ|
2
)
. (3.4)
Notice that when the equation of motion (2.1) and its complex conjugate are satisfied the terms propor-
tional to the Lie algebra generators T 0± vanish. In addition, the quantity X vanishes for the usual non-linear
Schro¨dinger potential
V (|ψ|2) = η(|ψ|2)2, η ≡ γ¯γ. (3.5)
Then, the curvature vanishes for the usual NLS model, rendering this theory an integrable field theory. For
the deformations of the potential (3.5), the above curvature is non-vanishing and the model is regarded as
non-integrable.
Let us denote
ψ =
√
Rei
ϕ
2 (3.6)
and parametrize γ = i
√
ηeiα, γ = −i√ηe−iα, η ≡ γ¯γ. Substituting the parametrization (3.6) into (2.1) one
gets the system of eqs. of motion
∂tR+ ∂x (R∂xϕ) = 0 (3.7)
∂tϕ+
1
2
(∂xϕ)
2 − ∂
2
xR
R
+
1
2
(
∂xR
R
)2 + 2
δV
δR
= 0 (3.8)
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We specialize the parametrizations for the case of the focusing NLS, i.e. the case η < 0. In this case the
usual NLS model admits a bright soliton solution with the boundary condition
R(x, t)||x|→∞ = 0, 1
2
ϕ(x, t)||x|→∞ = vx− 1
2
(v2 − a2)t+ θ0. (3.9)
For a deformed NLS we can apply the abelianization procedure in order to gauge transform the curvature
(3.2) and get the quasi-conserved charges (see more details in [2])
∂ta
(3,−n)
x − ∂xa(3,−n)t = Xα(3,−n); n = 0, 1, 2, ... (3.10)
In the appendix we present the first quantities a
(3,−n)
x and α(3,−n).
So, in the focusing NLS case with bright soliton solutions and vanishing boundary condition (3.9) one
has that the at component of the connection satisfies a boundary condition such that a
(3,−n)
t (x = +∞) =
a
(3,−n)
t (x = −∞). Then from (3.10) we have the anomalous conservation laws
dQ(n)
dt
= β(n), where Q(n) = −i
∫ ∞
−∞
dx a(3,−n)x and β
(n) = −i
∫ ∞
−∞
dxX α(3,−n). (3.11)
Thus, the non-vanishing of the quantity X given in (3.4) and the anomalies βn above imply the non-
conservation of the charges. Therefore, the charges and anomalies in (3.11) are valid for the deformed NLS
model with vanishing boundary condition (3.9) and bright soliton solutions.
3.1 Space-time parity and asymptotically conserved charges
For a subset of solutions of the deformed model (2.1) the charges Q(n) satisfy a mirror type symmetry [2].
In fact, for every solution belonging to this subset one can find a point (xρ, tρ) in space-time such that the
fields R and ϕ transform as
R→ R, ϕ→ −ϕ+ const., (3.12)
under the parity transformation
P : (x˜, t˜)→ (−x˜, −t˜), x˜ ≡ x− xρ, t˜ ≡ t− tρ. (3.13)
Let us summarize the main results of [2].
1. If one has a two-bright-soliton-like solution of (2.1), transforming under the space-time parity (3.13)
as in (3.12), i.e.
P (R) = R, P (ϕ) = −ϕ+ constant, (3.14)
and
2. If the potential V (R) in (2.1) evaluated on such a solution is even under the parity P , i.e.
P (V ) = V (3.15)
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such that
P (X) = −X, (3.16)
3. Then, one has an infinite set of asymptotically conserved charges, i.e.
Q(n)(t = +∞) = Q(n)(t = −∞), n = 0, 1, 2, 3, ... (3.17)
Therefore, the values of the charges in the remote past, before the collision of the solitons, are the same
as in the far future, after the collision. In particular, the deformed NLS model (2.1) with potential (2.2) can
be shown to satisfy the requirements (3.14) and (3.15) for some field configurations, and then it belongs to
the class of quasi-integrable theories.
3.2 Space-reflection symmetry and conserved charges
There are some bright-soliton-like solutions which present a space-reflection symmetry at any time, such that
the sequence of the even order charges are exactly conserved. The demonstration of these results follows the
same steps as in [5], where the defocusing NLS case has been considered, and it involves an interplay between
the space-reflection parity and the internal transformations in the affine Kac-Moody algebra underlying the
anomalous Lax equation. So, for the details of the demonstration we refer to [5] and in the present work
we will specialize to the case with η < 0 (focusing) and the vanishing boundary condition (3.9) for bright
solitons.
So, we consider some special solutions which exhibit a space-reflection symmetry
Px : (x˜, t˜)→ (−x˜, t˜), x˜ ≡ x− xρ, t˜ ≡ t− tρ, (3.18)
such that the fields R and ϕ transform as
R(−x˜, t˜)→ R(x˜, t˜), ϕ(−x˜, t˜)→ ϕ(x˜, t˜). (3.19)
As we will show below, the special case of 2-bright-solitons moving in opposite directions and equal
velocities, such that they undergo a head-on collision, exhibits a space-reflection symmetry.
The implication of this additional symmetry of the fields under space-reflection (for any shifted time),
i.e. R and ϕ being even fields, on the behaviour of the quantities α(3,−n) deserves a further analysis. The
main results of [5] are summarized as follows.
1. The α(3,−n)’s with n = 0, 2, 4, ... are even under Px. On the other hand, since R is even under Px
and that X given in (3.4), is a x−derivative of a functional of R, one can show that X is odd under Px, i.e.
Px(X) = −X and so
β(n) = −i
∫ +∞
−∞
dxXα(3,−n)
= 0, n = 0, 2, 4, ... (3.20)
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2. Then, the anomalous conservation laws (3.11) imply
dQ(n)
dt
= 0, n = 0, 2, 4, ... (3.21)
Consequently, the even order charges are exactly conserved. Notice that this property holds provided
that the potential V depends only on the modulus |ψ|, and that the field components satisfy (3.19). In
[5] it has been performed a construction in perturbation theory around solutions of the usual NLS model,
by expanding the equations of motion and the solutions into power series in ǫ. The results in [5] did show
that the zero’th order approximation symmetries hold at higher orders and at all times, and the charges are
exactly conserved.
Let us summarize the main results so far. The deformed NLS model presents an infinite number of
asymptotically conserved charges as in (3.17) for solitons satisfying the space-time symmetry (3.13)-(3.12)
(main result of [2]) . In addition, for bright solitons satisfying the same space-time symmetry, as well as
the space-reflection symmetry (3.18)-(3.19) one can say even more. In this case, the sequence of the even
order charges become indeed exactly conserved (3.21). So, the model supports infinite towers of alternating
conserved and asymptotically conserved charges provided that the solutions satisfy the both, space-reflection
and space-time symmetries, respectively.
4 Charges and anomalies
Following [2, 5] let us write the first five charges and anomalies in (3.11). Since we will consider the vanishing
boundary condition it is no necessary to renormalize the quasi-conservation laws as in [2], when the non-
vanishing boundary conditions have been imposed at x → ±∞. So, next we list the first charges and
anomalies corresponding to the vanishing boundary conditions (3.9). See the appendix for the relevant
expressions of a
(3,−n)
x for n = 0, 1, 2, 3, 4 of the quasi-conservation laws (3.10).
1. The Q(0) charge
One has
Q(0) =
∫
dx [
1
2
∂xϕ] (4.1)
= −i
∫
dx
(
ψ¯∂xψ − ψ∂xψ¯
2|ψ|2
)
. (4.2)
The anomaly vanishes
β(0) = −i
∫ +∞
−∞
dxX = 0. (4.3)
The charge Q(0) is associated to the phase difference (or the phase jump) of the solutions.
2. The Q(1) charge
We have
Q(1) = 2η
∫ +∞
−∞
dx |ψ|2. (4.4)
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This charge Q(−1) defines the normalization of the solution ψ and it is related to the U(1) internal
symmetry of the model: ψ → eiαψ, α = const. The anomaly β(1) vanishes identically.
3. The Q(2) charge
It can be shown that the anomaly β2 vanishes
β(2) = 2η
∫ +∞
−∞
dx ∂x
[
V − ηR2
]
= 0. (4.5)
So, one has
Q(2) = 2η
∫ +∞
−∞
dx
[
R∂xϕ
]
. (4.6)
= 2η
∫ +∞
−∞
dx
[
ψ¯∂xψ − ψ∂xψ¯
]
. (4.7)
This charge is related to the space translation symmetry of the model. In the last line the expression (3.6)
has been used.
4. The Q(3) charge
The expression for β(3) becomes
β(3) = −2η
∫ +∞
−∞
dx ∂x
[δV
δR
− 2ηR
]
R∂xϕ (4.8)
= −2η
∫ +∞
−∞
dx ∂t
(
V − ηR2) , (4.9)
where we have used the eq. of motion for R given in (3.7). By adding this total time derivative to the
expression in the l.h.s of (3.11), and discarding ‘surface’ terms, one can define the charge as [5]
Q(3) =
∫ +∞
−∞
dx
[
|∂xψ|2 + V
]
, (4.10)
such that ddtQ
(−3)
r = 0. It is just the energy of the system related to time translations.
5. The Q(4) charge: the first asymptotically-conserved charge
We have that the charge and anomaly, respectively, are
Q(4) =
η
4
∫ +∞
−∞
dx
[
12ηR2∂xϕ+ 3∂xϕ
(∂xR)
2
R
+R
(
(∂xϕ)
3 − 4∂3xϕ
) ]
(4.11)
β(4) = −η
∫ +∞
−∞
dx ∂x
(
δV
δR
− 2ηR
)[
6ηR2 +
3
2
R(∂xϕ)
2 − 2∂2xR+
3
2
(∂xR)
2
R
]
. (4.12)
So, consider the quasi-conservation law
dQ(4)
dt
= β(4) (4.13)
with
β(4) ≡ −η
∫ +∞
−∞
dx (V ′′[R]− 2η)
{3
4
∂xR
2(∂xϕ)
2 − ∂x(∂xR)2 + 3
2
(∂xR)
3
R
}
, (4.14)
≡
∫ +∞
−∞
dx γ(x, t), (4.15)
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where we have discarded a “surface” term in (4.12) and, for later purposes, defined the anomaly density
γ(x, t). The time integrated anomaly becomes
∫ +t˜0
−t˜0
β(4)r (t
′)dt′ =
∫ +t˜0
−t˜0
∫ +∞
−∞
dx dt′ γ(x, t). (4.16)
This is the first non-trivial non-vanishing anomaly. One notices that in the limit ǫ → 0 the anomaly
β(4) vanishes identically since V ′′[R] → 2η in this limit. However, by inspecting the form of the anomaly
density in (4.14) one can have vanishing anomaly β(4), associated to an exactly conserved charge Q(4), for
solutions satisfying the symmetry (3.19). Moreover, this anomaly vanishes for the free field continuous wave
background, ψ ∼ ei(kx−wt), i.e. R = const., ϕ2 = kx − wt. In addition, we can show, following a similar
approach to the one in [5], that this anomaly vanishes for a general travelling solitary wave solution of the
deformed NLS. We will compute numerically the anomaly β(4) for certain two-bright soliton configurations
in the deformed NLS model (2.1) with potential (2.2).
5 Symmetries of focusing NLS and bright solitons
Next we discuss the both space-time and space-reflection symmetries in the general 2-bright soliton solutions
of the integrable focusing NLS model. So, consider the focusing NLS equation
i∂tψ + ∂xxψ − 2η|ψ|2ψ = 0, η < 0. (5.1)
In the following we refer to the relevant solitons of the integrable NLS model (5.1) as N-soliton (1-soliton,
2-soliton, etc.) solutions.
5.1 Space-time parity transformation
Let us consider the 2-bright soliton solution [2]
ψo(x, t) =
e−∆/2√|η| e−iΩ+ NˆDˆ , (5.2)
where
Dˆ = cosh z+ + e∆ cosh z− − 16 |ρ1||ρ2|
Λ−
cos [2(Ω− + c)] (5.3)
and
Nˆ = e−
z+
2 eiδ−
[
|ρ1|e−i(Ω−+c+δ+)e
z
−
2 + |ρ2|ei(Ω−+c+δ+)e−
z
−
2
]
+ (5.4)
e
z+
2 e−iδ−
[
|ρ1|e−i(Ω−+c−δ+)e−
z
−
2 + |ρ2|ei(Ω−+c−δ+)e
z
−
2
]
. (5.5)
The parameter ∆ is defined by
e∆ =
Λ−
Λ+
=
(v1 − v2)2 + 4(ρ1 − ρ2)2
(v1 − v2)2 + 4(ρ1 + ρ2)2 , (5.6)
8
and the coordinates
z+ = X1 +X2 +∆, z− = X1 −X2, (5.7)
such that
Xi = ρi(x− vit− x(0)i ), Ωi = (
v2i
4
− ρ2i )t−
vi
2
x+ θi + ζi, i = 1, 2, (5.8)
where
δ± = arctan
2(ρ1 ± ρ2)
v1− v2 . (5.9)
The Ω± exhibit homogeneous dependences on z± as Ω± = β
+
±z+ + β
−
±z−, with β
−
± being some constants.
These are defined as
Ω1 − Ω2
2
− δ+ = Ω− + c, Ω1 +Ω2
2
+ δ− = Ω+ + d. (5.10)
The 2-soliton (5.2) depends on eight free real parameters, i.e. vi, ρi, x
(0)
i (i = 1, 2), c and d. Consider the
space-time parity transformation
P : (x˜, t˜)→ (−x˜,−t˜), x˜ = x− x∆, t˜ = t− t∆, (5.11)
where x∆, t∆ are some constant parameters depending on vi, ρi, x
(0)
i (i = 1, 2). In [2] it has been shown that
the solution (5.2) possesses the space-time parity symmetry (5.11) provided that the parameter c satisfies
c = n
π
2
, n ∈ ZZ. (5.12)
In terms of the components R0 and ϕ0, namely for ψ0 =
√
R0e
i
ϕ0
2 , this symmetry property can be written
as
P : R0 → R0; ϕ0 → −ϕ0 + 2πn. (5.13)
The Fig. 1 shows these functions for ρ1 = 2, ρ2 = 4, v1 = −5, v2 = 5 for three successive times, before ti
(green), during tc (blue) and after collision tf (red).
In [2] the initial conditions for the simulations have been used the integer n = 0 (c = 0 in (5.12)), as
well as other values for c corresponding to non-integer values of n, in order to examine the behaviour of the
integrated anomalies associated to asymptotically conserved charges for the collision of two bright solitons in
the deformed focusing NLS model. The c 6= nπ2 (n ∈ ZZ) cases have shown to exhibit non-vanishing integrated
anomalies for the soliton collisions. However, as we will show below, an accurate numerical computation
reveals that the β(4) anomaly indeed vanishes for any two-bright solitons, regardless of the existence of the
symmetry (5.13).
The general form of the 2-bright soliton solutions as presented in (5.2) have been derived in [2] using the
Hirota method. For an earlier calculation of the N-soliton, in the context of the dressing transformation and
tau function methods of the AKNS model, see e.g. [13].
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Figure 1: (color online) The asymmetric amplitude |ψ(x, t)| vs x (top left) and phase ϕ2 (x, t) vs x (top
right and bottom line) for two bright solitons, with v1 = −v2 = −5, amplitude(1) = 2, amplitude(2) =
4, for three successive times, initial ti (green), collision tc (blue) and final tf (red), respectively. At
tc the solitons form an asymmetric collision pattern, and after collision each soliton emerges with
its characteristic velocity and shape.
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5.2 Space-reflection parity transformation
Next, let us discuss the behaviour of the fields R and ϕ for the 2-soliton solutions such that
Px : (x˜, t) → (−x˜, t), x˜ = x− xρ, (5.14)
Px : R0(−x˜, t) → R0(x˜, t); ϕ0(−x˜, t)→ ϕ0(x˜, t), (5.15)
for any time t. The real parameter xρ depends on vi, ρi, x
(0)
i (i = 1, 2), c and d.
Next we show that the 2-bright-soliton solution (5.2) contains a subset of solutions which exhibit the
above space-reflection symmetry. Consider the head-on collision of 2-bright solitons with equal amplitudes
and opposite equal velocities. Accordingly, let us take the following set of special parameters
ρ1 = ρ2 = ρ, v1 = −v2 = −v. (5.16)
So, from the equations (5.6)-(5.10) one can get
z+ = 2ρx− ρ1x(0)1 − ρ2x(0)2 +∆, z− = 2vt+ ρ2x(0)2 − ρ1x(0)1 , (5.17)
d+Ω+ = (
v2
4
− ρ2)t+ δ− + θ1 + ζ1 + θ2 + ζ2
2
, (5.18)
c+Ω− =
v
2
x− δ+ + θ1 + ζ1 − θ2 − ζ2
2
, (5.19)
δ+ = − arctan 2ρ
v
, δ− = 0, e
∆ =
Λ−
Λ+
=
v2
v2 + 4ρ2
. (5.20)
Without loss of generality, let us set the above parameters such that xρ = 0 which amounts to impose
∆ = ρ[x
(0)
1 + x
(0)
2 ],
cˆ ≡ δ+ − (θ1 + ζ1)− (θ2 + ζ2)
2
=
π
2
n, n ∈ 2ZZ, (5.21)
where the new parameter cˆ has been defined in terms of the even integers n ∈ 2ZZ; this is a subset of the
integers n ∈ ZZ appearing in the definition of the parameter c in (5.12). Then the above relationships imply
R0(x, t) =
e−∆
|η|
|Nˆ |2
D2 =
e−∆
|η|
2ρ2
Dˆ2
[
cosh (2vt− 2ρx) + cosh (2vt+ 2ρx) +
2 cos (2δ+) + e
2ρx cos (vx− 2δ+) + e−2ρx cos (vx + 2δ+) +
2 cosh (2vt) cos (vx)
]
(5.22)
Dˆ = cosh (2ρx) + e−∆ cosh (2vt)− 16(ρ
v
)2 cos (vx) (5.23)
ϕ0(x, t)
2
= arctan
{(1− e2vt
1 + e2vt
)
sin (vx2 + δ+)− e2ρx sin (vx2 − δ+)
cos (vx2 + δ+) + e
2ρx cos (vx2 − δ+)
}
− (v
2
4
− ρ2)t.(5.24)
Clearly, the above components R0 and ϕ0 of the 2-bright soliton ψ0 are even parity eigenstates of the space-
reflection operator Px (5.14)-(5.15) provided that xρ = 0. The Fig. 2 shows these functions for ρ = 2 and
v = 5 and for three successive times, before ti (green), during tc (blue) and after collision tf (red).
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Figure 2: (color online) Amplitude |ψ(x, t)| vs x (top left) and phase ϕ2 (x, t) vs x (top right and
bottom line) for two bright solitons with space-reflection symmetries at any time, for v1 = −v2 = −5,
amplitude(1) =amplitude(2) = 2, for three successive times, initial ti (green), collision tc (blue) and
final tf (red) times, respectively.
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For later purposes let us perform the asymptotic expansion of the above 2-bright soliton solution (5.2)-
(5.9) and decompose it as a sum of individual 1-solitons. The quantity Xi, i = 1, 2 in (5.8) characterize each
of the individual 1-solitons. In fact, the asymptotic form of (5.2) as X2 → −∞ becomes
ψ0 ∼ 1√|η| i|ρ1|e
−i
[
(
v21
2 −ρ
2
1)t−
v1
2 x+θ1+ζ1
]
sech[ρ1(x− v1t− x(0)1 )]. (5.25)
Actuallly, this is a 1-bright soliton of the NLS model with four free parameters ρ1, v1, θ1, x
(0)
1 .
Similarly, the asymptotic form of (5.2) as X1 → +∞ becomes
ψ0 ∼ 1√|η| i|ρ2|e
−i
[
(
v22
2 −ρ
2
2)t−
v2
2 x+θ2+ζ2+2(δ++δ−)
]
sech[ρ2(x − v2t− x(0)2 +
∆
ρ2
)]. (5.26)
In fact, this is the second 1-bright soliton with four free parameters ρ2, v2, θ2, x
(0)
2 .
Let us define the constant phases, respectively, as
φ2 ≡ θ2 + ζ2 + 2(δ+ + δ−), φ1 ≡ θ1 + ζ1. (5.27)
Notice that the general 2-bright soliton (5.2)-(5.9) exhibits eight free paramateres, i.e. the set
{ρi, vi, x(0)i , c, d}, for i = 1, 2; (5.28)
where the pair {θi, i = 1, 2} has been traded for the parameters c and d in (5.10); so, without loss of
generality we will consider the conditions
x
(0)
2 =
∆
ρ2
− x(0)1 , d = 0. (5.29)
Then, for 2-bright soliton solutions (5.2)-(5.9) satisfying the space-time parity symmetry (5.11) we can write
the phase parameters as
φ1 ≡ c+ φ
+ + φ−
2
; φ2 ≡ −c+ φ
+ − φ−
2
, c =
π
2
n, n ∈ ZZ (5.30)
φ+ ≡ 1
8vrρ1ρ2
[
− 8x(0)1 ρ1ρ2
(
v1v2 + 2(ρ
2
1 + ρ
2
2)
)
+ 16vrρ1ρ2 arctan (
2ρ+
vr
) +
(
ρ−(v
2
1 − v22) + 2v1v2ρ+ + 4ρ+(ρ21 + ρ22)
)
log (1− 16ρ1ρ2
v2r + 4ρ
2
+
)
]
φ− ≡ − 1
8vrρ1ρ2
[
16vrρ1ρ2 arctan (
2ρ−
vr
) + ρ−
(
16x
(0)
1 ρ1ρ2ρ+ − (v2r + 4ρ2+) log (1−
16ρ1ρ2
v2r + 4ρ
2
+
)
)]
vr ≡ v1 − v2, ρ± ≡ ρ1 ± ρ2,
where the parameter c, characterizing this type of symmetry, has been defined in (5.12). So, once the
individual 1-soliton parameters ρi, vi and x
(0)
i (i = 1, 2) have been chosen, it is left the free parameter c,
such that for space-time parity symmetric solutions it must get the value (5.12) .
Therefore, for 2-bright soliton configuration with space-time parity symmetry, the relative constant phase
of its asymtotic expansion becomes
φ1 − φ2 = 2c+ φ− (5.31)
= πn+ φ−, n ∈ ZZ. (5.32)
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Similarly, for 2-bright soliton solutions (5.2)-(5.9) satisfying the space-reflection parity symmetry (5.14) we
consider the relationships (5.16) between the parameters; so, since ρ1 = ρ2 ⇒ ρ− = 0 one has that φ− = 0
form (5.30)-(5.31), then the relative constant phase for space-reflection symmetric configuration becomes
φ1 − φ2 = cˆ (5.33)
= πn, n ∈ ZZ, (5.34)
where the parameter cˆ has been defined in (5.21).
In our simulations below we will consider the above two asymptotic 1-solitons of the 2-bright soliton as
a suitable initial condition and their relevant space-time symmetries will be encoded in the corresponding
relationships between the parameters.
6 Simulations
The deformed NLS model (2.1) with potential (2.2) possesses the solitary wave (2.3), and an analytic
expression for a two-solitary wave is not known. So, we would take two one-bright solitary waves some
distance apart as the initial condition for our numerical simulations. However, this approach presents a
drawback, we would not have the relevant information to fix the phases of the initial individual solitons, and
so determine the relative phase, which must be provided as the initial condition. Alternatively, the collision
of two-bright solitons in the deformed NLS equation (2.1) can be simulated numerically by considering the
initial condition ψ0(x) defined as
ψ0(x) = ρ1 e
−iφ1 ei
v1x
2 sech[ρ1(x− x0)] + ρ2 e−iφ2 ei
v2
2 x sech[ρ2(x+ x0)], (6.1)
where two 1-bright soliton solutions of the usual NLS model have been located some distance apart.
The initial condition (i.c.) (6.1) deserves some comments in the context of the asymptotic expansions
(5.25) - (5.26) of the general 2-bright soliton (5.2)-(5.9). First, the two asymptotic wave forms in (5.25) -
(5.26) for η = −1 and disregarding an overall phase factor eiπ/2, can be combined at t = 0 by stitching them
at the middle point x = 0, in order to produce an uniformly valid solution, which is justified by assuming that
the error terms of the general 2-bright soliton solution (5.2)-(5.9) are exponentially very small. Second, the
above i. c. is suitable for simulating the two-soliton interaction of the deformed model (2.1)-(2.2) such that a
general set of parameters {ρi, vi, x0, φi} for i = 1, 2 is assumed. The pair of parameters {c, d} has been traded
for the φi’s, whereas the pair {x(0)1 , x(0)2 } is traded for the single parameter x0, provided that the two solitons
are equidistantly located around the origin x = 0. Third, since (6.1) is an approximate Ansatz, suitable as an
initial condition for the simulation of two-bright soliton interaction of the deformed model, it is not expected
to exhibit the relevant space-time and space parity symmetries of the full 2-bright soliton (5.2)-(5.9). Fourth,
for space-time parity symmetric configurations the i.c. must consider the relative phase (5.31)- (5.32). In
addition, for a space-reflection symmetric configuration we must have equal amplitudes ρ1 = ρ2 and equal
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and opposite velocities v1 = −v2 and its relative phase must satisfy (5.33)-(5.34). In particular, the i.c. (6.1)
possesses the space-reflection symmetry (5.15) for φ1 = φ2 ≡ φ, implying the integer value n = 0 in (5.34).
Finally, since the deformed NLS (2.1) possesses the internal symmetry ψ → eiαψ, α ≡ const., an overall
phase e−iφ in the i.c. can always be absorbed.
It is instructive to consider two types of i.c.’s in (6.1): the type I i.c. defined for φ1 = φ2 with integer n
(type IA) and non-integer n (type IB); and, the type II i.c. defined for φ1 6= φ2 with integer n (type IIA)
and non-integer n (type IIB):
Type I : φ1 = φ2

 IA : n ∈ ZZIB : n = non-integer ; Type II : φ1 6= φ2

 IIA : n ∈ ZZIIB : n = non-integer . (6.2)
Notice that the i.c.’s IA and IIA are suitable for simulating the space-time symmetric configurations. On the
other hand, these IA and IIA i.c.’s, provided with the parameters relationships (5.16), are suitable for the
simulation of space-reflection symmetric configurations. According to our discussion above, an overall phase
can be absorbed, so in the case IA with space-reflection symmetry configuration, without loss of generality,
we will consider the integer n = 0 and vanishing phases φ1 = φ2 ≡ 0, which satisfy (5.34).
The domain of the simulation is considered to be D = [−L,L] with L = 15, mesh size h = 0.017 and
time step τ = 0.00011. The domain D is chosen such that the effect of the extreme regions near the points
x = ±L do not interfere the dynamics of the solitons, i.e. the boundary condition (3.9) is satisfied for each
time step. In our numerical simulations we will use the so-called time-splitting cosine pseudo-spectral finite
difference (TSCP) method [6].
The two solitons are initially centered at ±x0 (x0 > 0), the soliton centered initially at −x0 (t = 0) moves
to the right with velocity v2 > 0, whereas the soliton initially (t = 0) centered at x0 travels to the left with
velocity (v1 < 0). Notice that the direction of motion of each soliton is related to the sign of its phase slope.
In addition, we will consider initially well-separated solitons, i.e. the parameter 2x0 is chosen to be several
times the width of the solitons (∼ 1ρi , i = 1, 2) and 2x0 < 2L. So, the initial condition considers two NLS
bright solitons which are stitched together at the middle point, and then we allow the scattering of them,
absorbing the radiation at the edges of the grid. It amounts to maintain the vanishing boundary condition
(3.9) at the edges of the grid for each time step of the numerical simulation.
The Figs. 3-10 show the results of the simulations of two-bright soliton collisions of the model (2.1)-(2.2)
with the types IA and IB i.c.’s, where φ1 = φ2 = 0 in (6.1) is considered. The two-soliton collisions with
equal amplitudes, ρ1 = ρ2, and equal and opposite velocities, v1 = −v2 = −5, corresponding to n = 0 in
(5.33) (type IA) , and the relevant anomalies have been considered in Figs. 3-4 with parameters ǫ = ±0.06.
These Figs. show the space-reflection symmetric functions R(x, t) for initial (before collision), collision and
final (after collision) times. The Fig. 3 also shows the symmetric phase ϕ for initial and final times (middle
figures).
In the Figs. 5 and 6 we have simulated the collision process of two-solitons with different amplitudes and
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φ1 = φ2 = 0 for ǫ = −0.03 and 0.06, which correspond to non-integer parameters (type IB i.c.) n = −1.18
and n = −3.734, respectively, in (5.31). The Figs. show the asymmetric function R(x, t) (top left figures)
under space-reflection for three successive times. The Fig. 5 shows the asymmetric phase (middle figures)
under space-reflection before collision (green), collision (blue) and after collision (red) times, respectively.
In the Figs. 3-6 (bottom figures) the relevant anomaly β(4)(t) (4.14) and the integrated anomaly∫ t
dt′β(4)(t′) (4.16) as functions of time, are plotted for several parameters. In Figs. 3-6 (top right) we
plot the anomaly density γ(x, t) (4.15) as function of the space variable x for three successive times in Figs
3-5 and at the collision time tc in Fig. 6. One can see qualitatively the behavior of this function, for different
parameters, that would imply the vanishing of the anomalies. In fact, in Figs. 3-4 this density is an odd
function of x, rendering a vanishing anomaly β(4) upon x−integration. There may be any other reasons for
the vanishing of the anomaly β(4); in fact, in Figs. 5-6 one notices the appearance of vanishing anomalies,
within numerical accuracy, despite the asymmetric anomaly densities.
In the Figs. 7-10 we also considered a variety of amplitudes and velocities with φ1 = φ2 = 0 (type IB i.c.)
, for fast and slow solitons. All of these figures show vanishing anomalies β(4)(t) and t−integrated anomalies∫ t
dt′β(4)(t′), within numerical accuracy.
The Figs. 11-17 show the results of the simulations of two-bright soliton collisions of the model (2.1)-
(2.2) with the type IIA and IIB i.c.’s, where φ1 6= φ2 in (6.1) is considered. In the Figs. 11 and 13 the
relevant anomaly β(4)(t) (4.14) (bottom left) and the integrated anomaly
∫ t
dt′β(4)(t′) (bottom right) (4.16)
as functions of time, are plotted for several parameters for type IIB; and in Fig. 12 for type IIA collision.
In these Figs. (top right) we plot the anomaly density γ(x, t) (4.15) as function of the space variable x for
three successive times. In all of these Figs. one notices the vanishing of the anomalies, within numerical
accuracy, despite the asymmetric anomaly densities.
In the Figs. 14-17 we have considered a variety of amplitudes and velocities of type IIA and IIB. All of
these figures show vanishing anomalies β(4)(t) and t−integrated anomalies ∫ t dt′β(4)(t′), within numerical
accuracy.
Since the two-bright soliton solutions admit the symmetry (3.12), we expect the anomalies β(n), n ≥ 4,
to vary during collision and the charges to be asymptotically conserved, as presented in section 3.1 of [2]
through perturbation theory on the deformation parameter. However, for a special soliton solutions with
space-reflection symmetry, the anomaly β(4) belongs to the sequence of even order charges and it must vanish
during the whole collision process. So, we can argue that the dynamics favours the soliton configurations
with symmetry properties (3.19) at all orders in perturbation theory, as presented in section 3.2 of [5], for the
collision of equal amplitude two-bright solitons with opposite and equal velocities. Moreover, our numerical
simulations show that this anomaly vanishes for a variety of soliton configurations and different values of
the deformation parameter ǫ.
Notice that the well separated individual solitons provide vanishing anomalies. Remarkably, for two-
bright soliton collisions with different velocities and amplitudes one notices that in Figs. 5-11 the anomalies
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Figure 3: (color online)Type IA. Top left: the transmission of two bright solitons of the deformed
NLS model (2.1)-(2.2) is plotted for ǫ = 0.06. The initial solitons ti (green) travel in opposite
direction with velocity v = 5 and amplitude 1.98 such that n = 0 in (5.33). They form a collision
pattern tc (blue) in their closest approximation and then transmit to each other. The solitons
after collision are plotted as red line (tf ). Top right: the anomaly density γ(x, t) plotted for three
successive times ti, tc and tf . Middle: the phase ϕ plotted for an initial time ti (left) and final time
tf (right). Bottom: the anomaly β
(4)(t) and time integrated anomaly
∫ t
dt′β(4)(t′), respectively.
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Figure 4: (color online)Type IA. Top left: the transmission of two bright solitons of the deformed
NLS model (2.1)-(2.2) is plotted for ǫ = −0.06. The initial solitons ti (green) travel in opposite
direction with velocity v = 5 and amplitude 2.1 such that n = 0 in (5.33). They form a collision
pattern tc (blue) in their closest approximation and then transmit to each other. The solitons
after collision are plotted as a red line (tf ). Top right: the anomaly density γ(x, t) plotted for
three successive times (ti, tc and tf ). Bottom: the anomaly β
(4)(t) and time integrated anomaly∫ t
dt′β(4)(t′), respectively.
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vanish during the whole collision process for ǫ = ±0.06,−0.03. The vanishing of the anomaly occurs also
for a variety of parameters as shown in the Figs. 12-17, regardless of the value of the parameter n to be
integer or non-integer. Even though the incident and outgoing solitons do not form a two-soliton solution
with definite even parity under space-reflection Px, the collision dynamics reproduces the vanishing of β(4)
in (4.13). Therefore, the charges must be exactly conserved, within numerical accuracy. So, our numerical
simulations suggest that the space-reflection Px symmetry is a sufficient but not a necessary condition for
the vanishing of the anomaly β(4).
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Figure 5: (color online)Type IB. Top left: the transmission of two bright solitons plotted for ǫ =
−0.03. The initial bright solitons ti (green) travel in opposite direction with velocity v = 5 and
amplitudes 2.0 and 2.6 such that n = −1.18 in (5.31). They form a collision pattern tc (blue) in
their approximation and then transmit to each other. The solitons after collision are plotted as red
line (tf ). Top right: the anomaly density γ(x, t) plotted for three successive times (ti, tc and tf ).
Middle: the phase plotted for an initial time ti (green), collision time tc (blue) and final time tf
(red). Bottom: the anomaly β(4)(t) and time integrated anomaly
∫ t
dt′β(4)(t′), respectively.
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Figure 6: (color online) Type IB. Top left: the transmission of two bright solitons plotted for
ǫ = 0.06. The initial bright solitons ti (green) travel in opposite direction with velocity v = 5 and
amplitudes 1.98 and 3.8 such that n = −3.734 in (5.31). They form a collision pattern tc (blue)
in their approximation and then transmit to each other. The solitons after collision are plotted as
red line (tf ). Top right: the anomaly density γ(x, t) plotted at the collision time tc . Bottom: the
anomaly β(4)(t) and time integrated anomaly
∫ t
dt′β(4)(t′), respectively.
Figure 7: Type IB. Anomaly and integrated anomaly for ǫ = −0.06, v1 = −5, v2 = 4, ρ1 = 2.5, ρ2 =
2, n = −1.074.
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Figure 8: Type IB. Anomaly and integrated anomaly for ǫ = −0.06, v1 = −2.5, v2 = 2, ρ1 =
3.5, ρ2 = 3, n = −3.07.
Figure 9: Type IB. Anomaly and integrated anomaly for ǫ = 0.06, v1 = −3, v2 = 2, ρ1 = 2.5, ρ2 =
2, n = −1.96.
Figure 10: Type IB. Anomaly and integrated anomaly for ǫ = 0.06, v1 = −3, v2 = 2, ρ1 = 3.5, ρ2 =
1.5, n = 8.5.
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Figure 11: (color online)Type IIB. Top left: the transmission of two bright solitons plotted for
ǫ = −0.06. The initial bright solitons ti (green) travel in opposite direction with velocities v1 =
−5, v2 = 4 and amplitudes ρ1 = 2.6, ρ2 = 2.1 such that n = 0.785, φ1 = 2.31, φ2 = −3.53 in (5.31).
They form a collision pattern tc (blue) in their approximation and then transmit to each other. The
solitons after collision are plotted as red line (tf ). Top right: the anomaly density γ(x, t) plotted
at the collision time tc . Bottom: the anomaly β
(4)(t) and time integrated anomaly
∫ t
dt′β(4)(t′),
respectively.
7 Discussions and some conclusions
Let us summarize the main results of [2] for bright-solitons: a) the model (2.1)-(2.2) possesses an infinite
number of exactly conserved quantities for one-bright solitary waves travelling with a constant speed. b) For
two-bright solitons possessing a special space-time parity symmetry (3.12)-(3.13), the charges are asymptoti-
cally conserved. This means that these quantities vary in time during the collision process of two one-solitons
but return, after the collision, to the values they had before collision.
In this paper we have shown that the quasi-conserved charges of the model (2.1)-(2.2) studied in [2] split
into two subsets, with different conservation properties. We have obtained a subset comprising a new infinite
tower of exactly conserved charges (3.21), and a second subset containing the remaining asymptotically
conserved ones (3.17). The two-bright soliton solutions possessing a special space-reflection parity symmetry
(3.18)-(3.19) give rise to a new tower of exactly conserved charges. In [5] it has been shown the vanishing of
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Figure 12: (color online)Type IIA. Top left: the transmission of two bright solitons plotted for ǫ =
0.06. The initial bright solitons ti (green) travel in opposite direction with velocities v1 = −v2 = −5
and amplitudes ρ1 = 2.6, ρ2 = 2.1 such that n = 2, φ1 = 2.545, φ2 = −6.77 in (5.31). They form a
collision pattern tc (blue) in their approximation and then transmit to each other. The solitons after
collision are plotted as red line (tf ). Top right: the anomaly density γ(x, t) plotted at the collision
time tc . Bottom: the anomaly β
(4)(t) and time integrated anomaly
∫ t
dt′β(4)(t′), respectively.
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Figure 13: (color online) Type IIB. Top left: the transmission of two bright solitons plotted for ǫ =
0.06. The initial bright solitons ti (green) travel in opposite direction with velocities v1 = −5, v2 = 4
and amplitudes ρ1 = ρ2 = 2.4 such that n = 0.7854, φ1 = 2.11, φ2 = −0.36 in (5.31). They form a
collision pattern tc (blue) in their approximation and then transmit to each other. The solitons after
collision are plotted as red line (tf ). Top right: the anomaly density γ(x, t) plotted at the collision
time tc . Bottom: the anomaly β
(4)(t) and time integrated anomaly
∫ t
dt′β(4)(t′), respectively.
Figure 14: Type IIB. Anomaly and integrated anomaly for ǫ = 0.06, v1 = −5, v2 = 4, ρ1 = 2.5, ρ2 =
2.0, n = 0.7854, φ1 = 2.31, φ2 = −3.5312.
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Figure 15: Type IIA. Anomaly and integrated anomaly for ǫ = 0.06, v1 = −5, v2 = 4, ρ1 = 2.5, ρ2 =
2.5, n = 1, φ1 = 2.44, φ2 = −0.697.
Figure 16: Type IIB. Anomaly and integrated anomaly for ǫ = −0.01, v1 = −v2 = −5, ρ1 =
2.5, ρ2 = 2.0, n = 0.7854, φ1 = 0.637, φ2 = −4.862.
Figure 17: Type IIA. Anomaly and integrated anomaly for ǫ = −0.01, v1 = −v2 = −5, ρ1 =
2.5, ρ2 = 2.0, n = 2, φ1 = 4.21, φ2 = −5.44.
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the anomalies (3.20) through some algebraic techniques involving the interplay between the space-reflection
and an order two ZZ2 automorphism of the sl(2) loop algebra. We have computed the first non-trivial anomaly
β(4) of the Q(4) charges quasi-conservation law (4.13). We have verified that this anomaly vanishes, and
consequently the exact conservation of the charge Q(4) holds for various two-soliton configurations, within
numerical accuracy. The only explanation we have found, so far, for the exact conservation of the even order
charges, is that the two-bright soliton solutions are eigenstates of the space-reflection parity transformation
for a fixed time.
Remarkably, we have found that even for two-soliton solutions with different velocities and amplitudes,
which do not satisfy the space-reflection symmetry (3.18)-(3.19), the anomaly β(4) vanishes (see Figs. 5-17),
within the numerical accuracy. Then, we may argue that the parity property (3.18)-(3.19) is not the cause of
the exact conservation of the charges, but according to the analytical results of [5] it is a sufficient condition for
these phenomena to happen. So, the symmetries involved in the quasi-integrability phenomena in relativistic
and non-relativistic models deserve further investigation and they may find interesting applications in many
areas of non-linear science.
Earlier results in solitary wave collisions in deformed NLS models have been obtained through small
perturbations of the usual NLS model [14, 15, 16] allied to the inverse scattering transform (IST) method
[10]. In fact, most of the known results consider particular relationships between the parameters of the
colliding solitons, e.g. high relative velocity, different amplitudes, fast and slow solitons are among the cases
considered in the literature. In this context, the solitary wave interactions for the generalized KdV equation
have been considered in [17], in a special regime. In [18] the bright solitary wave collision of the deformed NLS
model, where one soliton is small with respect to the other, has been studied. The asymptotic approaches
to describe the evolution and collision of three waves of the generalized KdV model were considered in [19].
The solitary wave collisions, beyond small perturbations, have been considered in the recent literature; e.g.
[20] provides the spatial shifts of fast dark-dark soliton collisions and [21] studies slow dark soliton collisions.
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A Expressions of the quasi-conservation laws (3.10)
In this appendix we present some expressions corresponding to the gauge transformed curvature (3.10)
provided in [2]. The a
(3,−n)
x for n = 0, 1, 2, 3, 4 are
a(3,0)x =
i
2
ϕ(1,0) (A.1)
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a(3,−1)x = 2iηR, (A.2)
a(3,−2)x = iηϕ
(1,0)R, (A.3)
a(3,−3)x =
iη
(
4ηR3 + (ϕ(1,0))2R2 − 2R(2,0)R+ (R(1,0))2)
2R
, (A.4)
a(3,−4)x =
iη
4R
[
12ηϕ(1,0)R3 − 6R
(
ϕ(2,0)R(1,0) + ϕ(1,0)R(2,0)
)
+ 3ϕ(1,0)(R(1,0))2 (A.5)
+
(
(ϕ(1,0))3 − 4ϕ(3,0)
)
R2
]
, (A.6)
and the parameters α(j,−n) become
α(3,0) = 1, (A.7)
α(3,−1) = 0, (A.8)
α(3,−2) = 2ηR, (A.9)
α(3,−3) = 2ηRϕ(1,0), (A.10)
α(3,−4) = 6η2R2 +
3
2
η(ϕ(1,0))2R− 2ηR(2,0) + 3η(ϕ
(1,0))2
2R
, (A.11)
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